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Numerical Method for Elliptic Multiscale Problems

Isabelle Greff, Wolfgang Hackbusch

Abstract
In this paper we are interested in the coarse-mesh approximations of a class of second order elliptic
operators with rough or rapidly oscillatory coefficients. We intend to provide a smoother elliptic oper-
ator which on a coarse mesh behaves like the original operator. Note that there is no requirement on
smoothness or periodicity of the coefficients. To simplify the theory and the numerical implementations,
we restrict ourselves to the one-dimensional case.

1 Introduction

A large class of multiscale problems are described by partial differential equations with highly oscillatory
coefficients. Such coefficients represent the properties of a composite material or the heterogeneity of the
medium in the computation of flow in porous media problems. The computation of an accurate discrete
solution of such problems requires a very fine discretisation associated with a fine grid 7,. For such a fine
resolution, the storage and computation costs are very high. From an engineer’s perspective, we are interested
in the average behaviour of the elliptic oscillatory operator on a coarse scale taking into account the small
scale features without fully resolving them. Therefore we focus on the computation of the discrete solution
on a coarse mesh taking into account as much information as possible about the oscillatory coefficients.
As a model problem, let us consider the elliptic boundary value problem on €2, a bounded Lipschitz domain
in R,

{ Lu=f in Q, (1)

u=0 on 0%,

with the right-hand side f in L?(£2). As an example, let

0 0
L= Z 9, i 5
whose coefficients may contain a small-scale parameter, e.g., a;; € L*(f2) is an oscillatory or jumping
coefficient. We require certain real numbers A, A > 0 such that the matrix function a(z) = (ij)ij=1,....d
satisfies 0 < A < A(a(x)) < A for all eigenvalues A(a(x)) of a(x) and almost all x € Q.

Our goal is to construct an elliptic operator A with slowly varying coefficients which behaves similarly to
the operator L on a coarse grid. We are looking for an operator A = —div(a - V) with a smoother than a.
To build A, we will consider the prolongation and restriction operators issued from the multi-grid method
framework, and combine them with L. Among various approaches, let us mention types of methods like
Heterogeneous Multiscales Method [15] and Multiresolution Methods [5]. A different numerical method to
solve such a problem is the so-called generalised finite element method introduced in 1D by Babuska-Osborn
[2], and generalised to 2D by Hou and Wu [11, 12]. The principle behind this method is to construct modified
basis functions adapted to the oscillations of the differential operator. Another possibility is the variational
multiscale approach introduced by Hughes [13, 14] and Brezzi [6], where the trial and test spaces are split
into two sub-spaces representing the fine and the coarse scales respectively. Arbogast developed a mixed
variant of this method in [1].

To simplify the theory, we restrict ourselves to the one-dimensional case. Let Q = (0,1) and V = HJ ().
Let L:V — V' be the elliptic operator L = — 4 (a(z) L) with an oscillatory coefficient a > 0, a € L>(1).
Let us consider the following problem

{Lu:f in @)



The computation of an accurate discrete solution of problem (2) with a strongly oscillatory coefficient
« leads to a very fine discretisation related to a fine grid 7, in particular high requirements of storage
and computation operations. On the other hand, we are more interested in the average behaviour of the
solution on a coarse level which captures the smooth part of the solution. Then, we consider a regular
coarse grid 7y of 2, describing the macroscopic level. The step size is H = 1/(m + 1). The nodes are
0=zl <... < :EJH <...< xﬁﬂ = 1. We define the standard linear FE-space Vj related to 7y vanishing
at the boundary nodes by Vi = span{b, ... b2} of dimension dim Vg =m

Let Py be some prolongation from the macroscopic level to the continuous level and Ry a restriction
operator associated to Py. Using the Green function of the operator L, it is possible to consider the following
problem:

Problem 1.1 Let Ly € R™*"™ be defined by

Ly = (RHLil'PH)il. (3)

Can Ly be interpreted as an approzimation Ay of some local differential operator A with the step size H ?

Since the Green function is not always explicitely given, in a practical point of view, we could consider a very
small step size h and the discretisation of the operator L on a fine grid 7. Let us introduce a regular fine
grid 73 which resolves the small details of the elliptic operator L. The grid 7}, is finer as 7y, the parameter
h is smaller than H. The nodes of the grid are 0 = 2§} < ... < a:? <...< a:Z_H = 1 with n > m and the
step size h = 1/(n +1). Let V}, be the standard P!-Lagrange FE space vanishing at the boundary nodes,
with the nodal basis {b%,...,b"} and the dimension dimV}, = n. The grid 7 is nested in 7}, in the sense
that Vg C V},. We define an isomorphism P}, by

PR -V, CV

n

h
v=(V1,...,0p) —> Ppv= g v; b}
i=1

and its adjoint R, = Pf € LV, R"). The mass matrices are M, € R and
My € R™™ given by My, = Ry, P, and My = Ry Py (where Py is defined the same way as P on
the coarse grid). The FE stiffness matrix Ly, is given by Lj;, = Ry L Py. Let u € V be the solution of the
variational problem associated with (2):
dudv
/ () dz dx / fv

and uy, be its Ritz discretisation in V. The weakest form of the finite element convergence is described by

lu = unllzzy < £(h) [l for allu=L71f, f e LA(Q), (4)

where [|u — up| 12 (o) is the FE-error and e(h) — 0 as h — 0 (see [3]).
The inclusion Vg C V}, ensures that the following mappings are well defined: the prolongation operator
Pp g from the coarse grid 7y to the fine grid 7;, given by

Poeg = (P, ' Py): R™ — R"

and the restriction operator Ry = (Pr— H)* from the fine grid 7;, to the coarse grid 7. Let us define
the normalised prolongation and restriction (also defined in [9]):

PhHH :R™ — R" by thH =My Py g MEI and RHHh = (PhHH)*

With help of H-arithmetic (see [8]) the computation of the discrete operator L,;l on the fine mesh is possible.
Therefore the following matrix L is available

. . —1
Ly = (RH<—hL;:1Ph<—H) .

We can now reconsider Problem 1.1 with the operator L j approximating the continuous operator Ly on
the coarse mesh 7. We get the following derived problem:



Problem 1.2 We are looking for an elliptic operator A € L(V,V") such that its discretisation Ay on the
coarse grid satisfies:
Ag =Ly for all h small enough. (5)

One way of finding the elliptic operator A is to consider an “inverse” Taylor expansion of the matrix
L n. Considering the matrix Lg p, it is possible to compute numerically some coefficients 3; , depending
on h, converging towards 3; when h — 0, such that

;ﬁ ()= (6)

holds, where dd—; denotes the ith-derivative. We expect the coefficients 3; to vanish for i > 2.
On the other hand, we consider the special case of T-periodic coefficients «. Let

2
Ly = —a()% be the homogenised operator associated with L (see [4]) where
1 N 1 (7 dx

= — d M (—): — / — 7
a0 M (é) an « T Jo ax) (7)

It is well known that the exact solution u = L~ f of (2) is approximated by the homogenised one ug = Ly Ly
with a precision depending on the period T. Then, the homogenisation theory should provide a good
operator, solution of problem (5). However, our goal is more general and we intend to find an operator A
satisfying (5), without any restriction on the periodicity of the coefficient «. For this purpose let us consider

the elliptic operator A, defined by A = —%(a%), where the coefficient a is defined on each segment
[xf,xﬁl} by

L e 6 1 wh ds .

R A [ ®)

Particularly for a T-periodic coefficient «, with H > T and H and T proportional, the choice of (8) gives
a= Mﬁ(l_—) = qp, i.e. a is the homogenised coefficient associated with «.

Let T| - |l2 be the Euclidean norm. According to [10], we introduce the norm || - || defined for a matrix
X € R™*™ by
1X7H = 1P X" Rl ooy ay) = My "X 7 Mo (9)

We are going to prove that the discrete operator Lp ) is behaving as a discretisation of an elliptic
operator, namely A. For this purpose the paper is organised as follows. We begin to describe the relations
between the Green functions of L and Lo (i.e. the restriction of the operator A to the periodic case). In
Section 3, we prove the main theorem in the case of a positive periodic coefficient a. It gives the accuracy
of the approximation Lg to the discrete homogenised solution operator A. Finally in Section 4, some
numerical results for different types of coefficient « (periodic or not) demonstrate the method.

2 Green’s function

Let us consider the case of a T-periodic coefficient «v. The Green function G, associated with the operator
L, is given explicitly for homogeneous boundary conditions by

G(z,t) :—H(:c—t)/tz sz) + le)(/tl aa(l‘:)) (/:%), x €[0,1], t € [0,1],

where H(-) is the Heaviside function. From this formula we deduce the following lemma.

Lemma 2.1 The Green function G of the elliptic operator L can be decomposed as
G(z,t) = Go(z,t) + Rp(z,t), where Gy is the Green function associated with the homogenised operator
Lo

Gol, 1) :—M(é)((m—t)H(x—t)—x(l—t)), re0,1], teo,1],



and Ry is the remaining part given by

Ry(z,t) = —H(z — t)(D(T, to) + D(w0,0))+ D(z0,0) D(T, o)

1
M(3)
+x D(T,ty) + (1 —t) D(x0,0), =x€]0,1], te€[0,1],

where xg, tg € [0,T[ such that there exist k, 1 € N satisfying x = xg + kT, t = to + 1T, and D(z,y) =
JF s (L) - y).

3 Theoretical result

Let Lo g be the discretisation of Ly in the space Viy. Let €9(H) be the bound of its FE-discretisation error
defined in the same way as (4). In this section, we assume that the step size H is larger than T, and T and H
are proportional, which gives A = Lg. We compare the discrete operators RH(_h L;lﬁ’h(_ m and LO_, }J defined
on the coarse level. Let By, be the Galerkin discretisation of the inverse of L, defined by By, = R, L™' P,
Each element of the matrix By, is given as a function of the Green function G,

(Bh)i,j:/gb?(x)/QG(x,t) Vi(t)dtdr forall 1 <i,j<n. (10)

In the same way, we define By j, and By g to be the Galerkin discretisations of the inverse of Ly respectively
on the coarse and fine grids: By gy = Ry Lal Py and By, = Ry, Lal Py,. From [3], Corollary 5.3, we have the
following bounds on the difference between the inverse of the stiffness matrices and the Galerkin discretisation
of the inverse operators:

16,2 — My Bor My [2 < 2| My |12 €0(H),

T _ o - 11
1t = My By, My, Mo < 2 [ My, Y2 e (h) (11)

The comparison of both operators L and Lg is achieved through the estimation of the norm \HR Henh L;lfj’hh H—
Ly 5]l by the next theorem.
Theorem 3.1 The following error estimate holds

Vi Ly oo — Lol < C(e(h) + TM(S) (L4T) + <(H)), (12)

where e(h) is a bound on the error of the FE-discretisation of L on the fine mesh Tp,, and eo(H) is the bound
on the error of the homogenised FE-discretisation of Ly on the coarse mesh Ty .

Proof Let us consider the Galerkin matrices By, and By g, resulting from the discretisation of Ly on both
the fine and the coarse grids. We prove that

Ry (M; ' Bon My )Py = My Bo My, (13)

by using the definitions of IN%H<_h and 15;1(_ m and the well-defined formula Ry, R), = Ry.

In view of the decomposition G(z,t) = Go(x,t) + Ry (x,t), the matrix By, defined by (10) can be written as
By, = By, + Br,, where By p, is the homogenised Galerkin matrix for LO_1 and Br, is the remainder part
which will be defined in Lemma 3.1. Lemma 3.1 will also give a bound of Bz . Let us rewrite the term
Ry L;lthH — L(I}i in the following form

Rygep Ly " Phpr — L(I}i = Rycn (L' =M, 'B,M; )P,y + Ry My, 'ByM; ' Py
—My'BouMy' + (My'BogMpy' — Ly ) -
Using the decomposition By, = By, + Br,, and equality (13), we get

Ryep Ly " Phpr — L&}q = Ry n(Ly" =M, 'B,M; " \Py_yr + Ry My "By M, *Po g
+(My'BouMy' — Ly ) -



We have the following estimates for the mass matrices and the prolongation operators:

_ _ HAN\1/2 - h\1/2
IMallz < Chy 1Mz <O Pcal <C () 7 IPcalz<C(5) - (4)
On the other hand ||BT’h||2 is bounded (see Lemma 3.1) by
1Bra| <C’hTM(l) (1+7) (15)
hllo = o .

So from estimates (11), (14), and (15), we get the intermediate estimate

- N 1

1Retn Ly Brcwr — Lyl < C (e(h) + M(a) TA+T)+ eo(H))H_l.
Due to definition (9), |Ru—n Ly Phen — La}qM < |\Mull2 |Reen Ly Phew — La}{Hg holds, which gives
(12). [ ]

Let us evaluate the norm of the matrix By, defined for the remaining part Ry on the fine grid 7, by
(Br,n), . Jo V() [ Rr(x, t) 0% (t) dt dz. We get the following result.

Lemma 3.1 There exists a certain constant C, independent of T', h, and H such that
1
| Br,nll2 < ChM(a)T(l—kT). (16)
Proof Let us recall the definition of Rp given in Lemma 2.1,

Re(a,t) = —H(x — t)(D(T, to) + D(xo, 0))+ﬁ D(wo,0) D(T, 1)

+x D(T,to) + (1 —t) D(x0,0), for some zg, to € [0,T].
For g, to € [0,T[, we have the estimates

|D(x0,0)| < M(l) T and |D(T,to)| < M(l) T.

o o
Consequently, for any z,t € [0,1]
1
[Rr(,t)| < aTM(-) (1+7).

From [, bl (z)dx = h, and ||Brp|l2 < || Br.n

P = ( Z (BT,h)ij)l/Q we deduce

1<i,j<n
1 1/2
2 - 2
1Brall: < wa(Z)ar( 3 a+12)"
1<i,j<n

which concludes the proof. |

4 Numerical Tests

In this section, we perform numerical tests for different positive, periodic and non-periodic coefficients a.
The step size H is chosen proportional to h. In Section 4.1, we consider the case of T-periodic coefficients
«, with T proportional to h, while Section 4.2 is devoted to non-periodic coefficients .. In both cases, we
compute the norm H\Rm_h L;lfj’;“_ H— Aﬁl | for different values of the grid parameters h, H, where the



operator A is defined by A = % (a%) and the coeflicient a is the piecewise harmonic average of « on the

grid 7y given by formula (8), i.e. a = ﬁ for 0 < j <m,

. 1 (% ds

Particularly, A = Ly for a periodic. In the figures of this section we denote the norm by

e(H,h) = |Rign Ly, Poeri = A

4.1 T-periodic coefficients

In order to compare our method with already existing homogenisation methods, we first consider a T-periodic
coefficient «. For each test we can choose three different parameters h, H, T'. To each pair (H, h) corresponds
one numeric value a. This value allows us to compute the operator A. If the period T is smaller than the
step size H, and H and T are proportional,

) 1 [T ds 1 [T ds
=5/, =1/
H Jyu a(s) T Jo «afs)

which implies that the value a is exactly the homogenised coefficient o given by the homogenisation theory
(see (7)) and A = Lg. So in this case, the estimate (12) holds:

|Rpn L Brgr — A < C (s(h) + TM(%) (1+T)+ €Q(H)) .
Currently we are dealing with P'-FE approximation, if the operator Lg is smooth enough, we can expect to
get eo(H) = O(H?) for H > T.
In the following test cases, for each value of T' three situations can occur: H > T, H = T, and H < T.
In paragraph 4.1.1, the coefficient « is a smooth function of 7', in paragraph 4.1.2, the coefficient « is
continuous but not smooth, whereas in paragraph 4.1.3, « is piecewise constant. Let us note that for the
following examples the numerical inverse Taylor expansion of L j gives the coefficients 3; of (6) such that

Gi=0,ifi1#£2, po=ag forH>T,

which means that numerically the choice A is appropriate.

4.1.1 Smooth coefficient, small amplitude

We consider the T-periodic positive coefficient « given by
alx + jT) = 3 (cos(b %))3 +30, z€[0,T[,j€Z.

We compute the norm [|[Rep Ly, ' Poe g — Ag'|| for h = 1/4000 and different coarse mesh sizes H from
2000h = 1/2 to h, and different periods T' € {1/25,1/50,1/100,1/200}. The results are reported in Table 1.
The convergence of ||Ry—p Ly * Phn — A'|| can be observed on Figure 1. Globally the convergence rate
of the norm \HRH<_;L L}:II:’;“_H - Aﬁl | is of order 1.5 with a jump around H = T'/2. Let us remark that the
value H = T'/2 corresponds to the passage of the state H > T to the state H < T for which the coefficient
a is not any more the homogenised coefficient «g. For H >> T, the results are consistent with estimate (12).
Since we use Pl-elements, we have eo(H) = O(H?). Moreover h is small compared to H and T, so that
e(h) can be neglected. The term 7'M (1) (1 + T) behaves like 7 M (L). When H approaches T the term
TM(L)(1+T) is gaining in importance compared to eo(H).



T | 1/25 1/50 1/100 17200 =St

H =160h =80h  =40h = 20h ~

1/2 = 2000h | 2.99e-4  2.99e-4  2.99e-4  2.99e-4 g

1/5 = 800h 7.93e-5  7.89e-5  7.88e-5  7.88¢-5 :

1/10 = 400h | 2.56e-5  2.436-5 _ 2.38¢-5 _ 2.350-5 -

1/20 = 200h | 9.32¢-6  7.876-6 _ 7.13¢-6 _ 6.76¢-6 7t

1/25 = 160h 7.23¢-6  5.7le-6  4.96e-6  4.58e-6 iy

1/50 = 80h T13e-6  2.76e-6 _ 1.956-6 _ 1.556-6 o Te1100

T/100 = 40h | 7.28e-7 _ 2.98¢-7 _ 1.18¢-6 _ 7.61e-7 or o T=1200

1/200 = 20h | 2.58e-7  3.07e-7 _ 8.93¢-8  5.62e-7

1/250 = 16h | 1.70e-7  2.60e-7 _ 3.66e-7  4.46e-7 - ) ‘ ‘ ‘ ‘ ‘ )

1/100 = 10h | 6.81c8 1.1dc-7 1.37c7 3.9508 e 0

1/500 = 8h 13768 7.41e-8  1.22e-7  1.87e-7

1/1000 =4h 1.05c-8 1.820-8  3.32¢-8 _ 5.48¢-8

1/2000 = 2h 2.12e-9  3.68e-9  6.75e-9  1.29e-8 Figure 1: 10%(\HRH<—;1 Lglph(_H _ AI_-Il ”|) is  rep-
B - resented as a function of log(H) for h = 1/4000 and

Table 1: WRecn Ly P — Ag'll, h = 174000, T € {1/25,1/50,1/100,1/200}, a(z) = 3(cos(5Z))® + 30,

a(z) =3 (cos(52))* +30, = € [0,T]. z € [0, T

4.1.2 Non-smooth coefficient

We consider the following positive coefficient @ (a 1D adaptation of a 2D coefficient from [12]):

alz) = [1 + |sin27TTx\ 1, for z € 10,1].

This coefficient is %—periodic, continuous but non-smooth at points ’%T, k € Z. We compute the norm
|Ren Ly Poyr — AZ'|| for h = 2='* and different coarse mesh sizes H = 27, k € [2,11], and different
periods T'= 2%, k € [1,9]. The results are reported in Table 2. Globally the norm ||Rgp, Ly ' Phepr —
ALl is decreasing toward 0 when H is decreasing from 1/4 to 2% h. Figure 2 shows the convergence of
|\|RH(_h L;lﬁ’h(_H - Al_i1 || which is globally of order 2 with a jump around the value H = T/8. As in the
previous example, the jump of the error e(H,h) := ||[Ru—p L, Po—n — AZ'|| around the value H = T/8
corresponds to the jump of the coefficient a from the homogenised one ag (7) to its generalisation (8).
Even though the coefficient « is not anymore smooth, we get a good convergence of the error between the
discrete operators Rucn L,;lthH and A;Il. Notice that for a fixed H, when T' — 0, T' < H, the values
H|RH(_h L,:llf’h(_H — A;II | are converging towards a certain limit noted Iz (for example [;,4 = 5.48 x 1073,
li/g = 1.69 x 1073, lij16 = 4.73 X 1074, li/32 = 1.29 x 1074, lij6a = 3.75 X 107%). Note that Iy behaves
almost in O(H?).

T 1/8 1/16 1/32 1/64 1/128 1/256 1/512

H =2y =21 =25 =28n =2"h =2n =2%h
1/ 4 5.48¢-3  5.48e-3  5.48e-3  5.48e¢-3  5.48¢-3  5.48e-3  5.48e-3
1/8 1.69e-3  1.69e-3  1.69e-3  1.69e-3  1.69e-3  1.69e-3  1.69e-3
1/ 16 4.73¢-4  4.73e-4  4.73e-4  4.73e-4  4.73e-d  4.73e-4  4.72e-4
1/ 32 1.98¢-4  1.29e-4  1.29e-4  1.29e-4  1.29¢-4  1.29e-4  1.29e-4
1/ 64 2.26e-4  5.12e-5 _ 3.7be-5 _ 3.75e-b _ 3.7be-b _ 3.75e-5 _ 3.7be-b
1/ 128 6.14e-5 1.11e-4  1.36e-5  1.37e-b  1.36e-5  1.36e-5  1.36e-5
1/ 256 1.59¢-5  2.96e-5  5.53e-5 _ 4.06e-6  7.60e-6 _ 7.59¢-6 _ 7.58¢-6
1/ 512 4.04e-6  7.60e-6  1.4be-b  2.77e-b  1.79¢-6  6.08¢-6 _ 6.07¢-6
1/ 1024 1.02¢-6  1.92e-6  3.70e-6  7.19e-6  1.38¢-b  1.33e-6 _ 5.65e-6
1/ 2048 2.52e-7 4.79e-7  9.27e-7  1.8le-6  2.52e-6  2.58¢-6  1.21e-6

- - —1
Table 2: ||Ry_» L;lPh&H - A;I1H|, for different values of h = 27 a(z) = [1 + | sin 252 |] ,a=0.611 for H> T.
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Figure 2: log(mRHHh L;llshHH —A;Il H|) is represented as a function of log(H)

—1
forh=2""and T =27 k €[1,9], a(z) = [1 + | sin 2;T|]

4.1.3 Piecewise constant coefficient

We consider the T-periodic, piecewise constant coefficient o > 0, defined on a period [0, T'[ by:

8.1, =ze[0,%]
03, wzel[f L]
- 17
@)=Y 9055, 2e L, 32 (17)
10, =zel2L T

We compute the norm \Hf%bp_h L;lfj’;“_ H —Al_j,1 || for different values of h and H. Let us consider the following
situations:

1. h =2.5x 1074, H takes its values between 1/2 and h, and the period T is varying between T' = 1/25
and T' = 1/200.

2. h=107°, H takes its values between 1/2 and 50 h, and the period T is varying between T = 10~3 and
T =104

The results of the computation of the norm \Hf%bp_h L;lfj’;“_ H— Al_j,1 || are reported on the left side of Table 3
for h = 10~* and on the right side for h = 107°. Figure 3 shows the logarithm of the norm as a function of
log(H) for h = 1075 and different values of T.

In both cases, the grid parameter A (in comparison with H and 7T') is small enough and has a weak influence
on the variation of the norm (we can observe in Table 3 that this is true at least for large values of H).
Let us mention that for the value h = 107°, for a fixed value of T the convergence rate is behaving as a
function of H. For example for T'= 1/5000, the convergence is almost of order 2, when H is very large and
decreases towards 1.5 until H = 1/100 and then the convergence almost stops. When H is large compared to
T, the influence of €¢(H) is greater than the influence of the period. At some point, when H becomes small
enough, the term depending on 7 in the right-hand side of estimate (12) becomes comparable with € (H),
which does not have such a large effect any more. Moreover for a fixed H, when T'— 0, T' < H, the value
of the norm is converging and decreasing towards a certain limit noted /g (for example /1,5 = 9.96 x 1073,
li/5 = 2.62 % 1073, li/10 =7.75 x 1074, l1/20 = 2.13 x 1074, l1/25 = 1.39 x 10~%). This is the result expected
from the homogenisation theory. We consider now the solution of problem (2) for a constant right-hand side
f =10 and the coefficient a defined in (17) with a period T = 273. Figure 4 depicts the discrete solution
up = Lgl f, the homogenised solution ug = L Lf, and the discrete solution given by u Hh = L;I}h f for the
step sizes h = 2713 and H = 277. The solid-line plots the discrete P'-solution uj, on 7Tj,, whereas the dot-line



T [ 1/25 1/50 1/100 1200 T ] 1/500  1/1000  1/2500  1/5000

H =160h =80h =40k = 20h H =200h = 100h =40h = 20h
T/2 = 2000h | 9.966-3  9.96¢-3 _ 9.966-3 _ 9.96¢-3 1/2 = 500000 | 9.966-3  9.96¢-3 _ 9.966-3 _ 9.96¢-3
1/5 = 800h | 2.68¢-3  2.64c-3  2.63c-3  2.620-3 1/5 = 200000 | 2.62¢-3  2.62¢-3 _ 2.626-3 _ 2.62¢-3
1/10 = 400h | 9.44c-4 8.50c-4  8.056-4  7.82¢-4 T/10 = 10000h | 7.76¢-4  7.756-4 _ 7.75¢-4 _ 7.7bc-4
1/20 = 200h | 4.77c-4  3.15c-4  2.61c-4 _ 2.36¢-4 1/20 = 5000h | 2.21e-4  2.166-4  2.13¢-4 _ 2.13¢-4
1/25 = 160h | 3.48¢-4 24264 1.80c-4  1.64e-4 1/25 = 4000h | 1.48¢-4  L.43e-4  1.396-4 _ 1.39e-4
1/50 = 80h | 1.46e-3 1.47e-4  9.16e-5 _ 6.376-5 1/50 = 20000 | 4.70e-5 4.156-5  3.81c-56 _ 3.69¢-5
T/T00 = 40h | 1.80c-5 7.35c-4 _ 6.666-5 _ 3.79¢-5 1/T00 = 1000h | 2.066-56 1.49¢-5 1.166-56 _ 1.03¢-5
1/200 = 200 | 6.166-6 _ 4.526-6 _3.7le-d _ 3.14e-5 1/200 = 5000 | 1.436¢-5  8.14c-6 _ 4.656-6 _ 3.48¢-6
T/400 = 10h | 1.666-6 1.53¢-6 _ 1.136-6 _ 1.86c-4 1/250 = 400h | 1.32¢-5 _ 7.33c-6 _ 3.826-6 _ 2.650-6
1/500 = 8h | 1.07¢-6 _ 7.506-5 1.39¢-4  1.32¢-4 1/500 = 2000 | 1.21e-5  6.2dc-6 _ 2.726-6 _ 1.54c-6
1/1000 = 4h | 2.58¢-7 2.54c-7  3.82¢-5 _ 6.98¢-5 1/1000 = 100h B 5.94c-6  2.50c-6  1.27¢-6
1/2000 = 2h | 5.18¢-8  5.16¢-8  5.07¢-8  1.71e-5 1/2000 = 50h B 2.466-6  1.21c-6

Table 3: ||Run Ly ' Po i — A7t I, @ piecewise const, a ~ 0.887813 if H > T. Left: h = 2.5 x 10~ . Right: h = 1077,

with squares represents the homogenised solution ug. The dots display the values of up ; on the grid 7.
The values of up j, are matching the discrete solution uj,. The discrete solution u g, captures well the details
of up, while the classical homogenised solution ug interpolates the fine solution wy,.
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Figure 3: log(mRH&h L;lﬁ‘h&H - A;II H|) is represented for a(-)
. _5 Figure 4. Representation of u, = L_lf ug = L_lf U =
defined by (17), as a function of log(H) for h = 107° and T = < SN o .
1/500, 1/1000, 1/2500, 1/5000. Ly f, for a(-) defined by (17). h=27"°,T =277, and H =2"".
4.2 Non-periodic coefficient
Regarding the previous numerical experiments, it seems that the discrete operator

Lyp = (RHHhL;IPhHH)fl is behaving as the discretisation of an elliptic operator, namely Lg, in the
case of periodic coefficients. Therefore, we are now considering non-periodic, positive coefficients o defined
on Q. The coefficient a is computed on each segment [/, 2%, |] by ff)rmula (8).~ In the following, we propose
three different test cases and for each of them compute the norm ||Ry—p, L;, ' Phen — A7 |-

4.2.1 Smooth coefficients

Let us consider the following non-periodic coefficient o given by a/(z) = 2 +sin(272?) on Q. This coefficient
is a smooth function. The computed values of the norm | Rgr—y, L, ' Py — AR'|| for h € {1/1000, 1/2000,



1/4000, 1/8000} and values of H between 1/2 and h are given in Table 4. The dependence of the norm on
H, for h = 1/8000, is shown on Figure 5. The results do not depend on the choice of the step size h. For
H fixed, H > 1/500, the values of the norm ||Rp—p, L, ' Ph—pr — A related to different h are almost the
same. Moreover the convergence of the norm is almost of order 2 for H < 1/25, i.e. the method is efficient
for coarse meshes.

-2 T T T T T T T
H h 1/ 1000 1/ 2000 1/ 4000 1/ 8000

1/ 2 3.01e-3 3.00e-3 3.00e-3 3.00e-3 Bl |
1/5 1.88e-3 1.88e-3 1.88e-3 1.88e-3

1/ 10 1.05e-3 1.06e-3 1.06e-3 1.06e-3 T 1
1/ 20 4.64e-4 4.63e-4 4.63e-4 4.62e-4 §

1/ 25 3.12e-4 3.13e-4 3.13e-4 3.14e-4 T sl J
1/ 50 9.99e-5 1.00e-4 1.00e-4 1.00e-4 I

1/ 100 2.69e-5 2.71e-5 2.71e-5 2.7le-5 5767 |
1/ 200 6.69e-6 6.90e-6 6.95e-6 6.96e-6

1/ 250 4.20e-6 4.41e-6 4.46e-6 4.47e-6

1/ 400 — 1.69e-6 1.74e-6 1.75e-6 T ]
1/ 500 8.46e-7 1.06e-6 1.11e-6 1.12e-6
1/ 1000 1.32e-14 2.12e-7 2.65e-7 2.78e-7 - s - =5 =+ = -+ =5 .
1/ 2000 — 2.41e-14 5.31e-8 6.63e-8 log(H)
1/ 4000 — — 6.96e-14  1.33e-8

3 . i —15 —1 B
Table 4: ||Ry—s L;lﬁ)}u—H - Agl‘”, for different values of h = Flgure 5 IOg(mRH‘_h Ly Prerm = Ay )”l) " represente;i as a
1/1000, 1/2000, 1/4000, 1/8000, a(z) = 2 4 sin(27 2:2). function of log(H) for h = 1/8000 where ov(x) = 2 + sin(27z7).

4.2.2 Piecewise constant coefficients

We consider the coefficient a(z) = 14 |[(1 — ) [sin(500 ) cos(300x) exp(5x)]| defined on 2, where [z] =
max{i € Z : i — 1 < x}. The coeflicient « is piecewise constant, its value is oscillating between 1 and 12.
We compute the norm [|[Ry—p Ly, ' Preg — Ag'|| for h equal to 1/1000, 1/2000, 1/4000, or 1/8000. For
each h we investigate different values of H between 1/2 and h. The results are assembled in Table 5. The
dependence of the norm on H, for h = 1/8000, is shown on Figure 6. The norm is practically independent of
the value of h (for H > 1/500, the influence of h is very small). The coefficient « is not any more a smooth
function, nevertheless, the convergence rate of the norm |[Ry_p, Ly ' Ph g — AG'| is still good. When H
is converging toward h, the norm [[Re—p L;, " P — Ag'|| converges toward 0 with global order 1. The
convergence is accelerating when H < 1/400.

=25 T T T T T T
Ll |
I Rl 171000 172000 174000 1/ 8000 38f 1
/5 1.78¢-3  1.78¢-3  1.77¢-3 _ 1.78¢-3 Lt |
1/ 10 7530-4  7.87c-4  7.80e-4  7.84c-4 =
1/ 20 3.53c-4  3.7le-4 __ 3.72c-4 _ 3.71c-4 T st 1
1725 247e-4  2.39e-4 _ 2.38e-4 _ 2.38e-4 H
1/ 50 T.13e-4  1.076-4 _ 1.06e-4 _ 1.07e-4 5| 1
1/ 100 8.93e-5  8.67e-5  8.79e-b _ 8.76e-5
1/ 200 5.46e-5  5.12e-5  5.03e-b _ 4.96e-5 551 1
1/ 250 4.60c-5  4.356-5  4.420-5 _ 4.43¢-5
1/ 400 - 27665 2.77¢-5 _ 2.7be-5 -6f 1
1/ 500 2.04c-5  2.07c-5 _ 2.07e-5 _ 2.07¢-5
1/ 1000 2.16e-14 7.45¢-6 7.81e-6 7.85¢-6 65, Yy = Y ) s ) Tos
T/ 2000 - T22e-13  2.43e-6 _ 2.64e-6 log(+)
1/ 4000 - - 314e-13  7.84e-7
Table 5 Rwonii'Bron — Agl  for difer. D8WE 6 log(IRun Li'Pun — AGYI) s repre-
ent values of h =  1/1000, 1/2000, 1/4000, 1/8000, sented as a function of log(H) for h = 1/8000 where
a(z) =1+ (1 —z) [sin(500 ) cos(300x) exp(5x)]|. a(z) =1+ [(1 — ) [sin(500z) cos(300z) exp(5z)]|.
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4.2.3 Oscillatory coefficients

-1 on 2. This function

Let us consider the non-periodic coefficient « given by a(x) = [2 —sin(2 ﬂtan(%))]
contains a continuum of scales (cf. [7]). The norms ||Rp—p Ly ' Ph—pr — Az for the values of h € {1/1000,
1/2000, 1/4000, 1/8000} and values of H between 1/2 and h are given in Table 6. We can observe that the
dependence of |Ry—p Ly ' Phep — Ag'|| on h is small. Notwithstanding the very oscillatory behaviour of
the coefficient «, the convergence of the norm is good (globally order 1). The dependence of the norm on

H, for h = 1/8000, is shown on Figure 7.

-2
-25
= hl 171000 12000 174000 1/ 8000 o
1/2 8.60e-3 8.58e-3 8.59e-3 8.61e-3
/5 7.706-3  7.68¢-3 _ 7.68¢-3 _ 7.686-3 o
1/10 3.36e-3 3.35e-3 3.35e-3 3.34e-3 g i
1/20 1.08e-3 1.06e-3 1.04e-3 1.04e-3 %
1/25 85604 85704 85904  8.6lcd sl
1/50 3.22e-4 3.22e-4 3.22e-4 3.23e-4
1/100 1.94e-4 1.91e-4 1.89e-4 1.88e-4 st
1/200 9.23e-5 8.29e-5 7.90e-5 7.80e-5
1/250 7.07e-5 6.21e-5 5.89e-5 5.77e-5 551
1/400 - 3.84e-5 3.57e-5 3.46e-5
1/500 34205 20705 26505 25405 ]
1/1000 2.82e-15 1.30e-5 1.37e-5 1.02e-5 log(H)
1/2000 - 4.55e-14 5.63e-6 5.58e-6
1/4000 - - 6.53e-14 2.49e-6 . B -
Figure 7:  log(IRuonLy Pon — AR')II) is repre-
Table 6: ||Ry—»n LglﬁheH _ A;11)”|7 for h = 1/1000, 1/2000, sented as a function of log(H) for h = 1/8000 where

1/4000, 1/8000, a(z) = [2 — sin(2 7 tan(ZZ))] " a(z) = [2 —sin(27 tan(ZF))] "

5 Conclusion

. . —1
Theoretically and numerically, the discrete operator Lp j := (RHHthlPhH H) on the coarse mesh be-

haves like the discretisation of an elliptic operator. One possible approximation is given by A = —% (a %),

where a is the piecewise harmonic average of a defined by (8). It means that
A; ~ RHth;II:’hhH ,  for h small enough,

holds also for jumping or non-smooth coefficients without any conditions of periodicity. Moreover, in the
periodic case, for a step size H larger than T' the operator A is in fact exactly the homogenised operator Ly.
Thus, the discrete operator Lg ) is proved to be suitable in 1D: It behaves as a discretisation of the
classical homogenisation operator for periodic coefficients; for non periodic and jumping coefficients the
quality of the discretisation given by Lg 5 is good.
The computation of this discrete operator Ly ), is available for any dimension. Nevertheless, the theoret-
ical analyse might be difficult, since the Green function is not analytically available. However, the numerical

experiments should be extended to higher dimension by computing directly Lg,, = (RH(_thllE’h(_ H)
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