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jlk5mJnporq8sutwvyxzq8suk5mlt{kp|$t{}�mukpq8suk�q8sJ~zk�mgk��,ortus{mg��k�n�or��}�mux�o2qR�$vyq�mJ��qXmuor~zxz��k��8�$x�|�k�tu��kps^suk�q8s
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© o2x�sP�$qªn�ort{|�m
Ω
muor~z~�x�n�x�su}&|�vrtd��qEk�q�m^k��R«$~zk��=� v2n�s{x�o2q�md�&}5npvrq$xz�8�$k5mdk�s�kpq.}��8�$xz~�xz«$t{k�$vrq�m��$q¬tu}p�¥}pt{kpq8suxzkp~­�$®Jor��s{kd|�vytusuxzkP�$k

Ω
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© x�o2q&npor�$|;k
Ω
|�vrtg��qX|$~�vyq�np�&��ort{��vy~zk −→n |�vrm{muvrq2s�|�vrtg~zk�|�o2x�q8s ±��y~zk�m ��k����R|�vrt^s{x�k5m

Ω+ mux�s{�$}pk�����np²ysu}���kP~�v�q$ort{��vy~zk�kps Ω−
mux�s{�$}pk����¬n�²rsu}�o2|$|�o8m^}2�$m^o2q8s�k�q�}5�8�$x�~zxz«$tuk2�
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P
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Ω+ k5m0s�k�q¬}��8�$xz~�xz«$t{kPmuor��m¸~­� k��,k�sR¹
º¼» k5m�k��,ortus{m��8�$xl~z�$x�muorq8s�k���kptwn�}5mp�
º¼» k�~�v�n�orq8s{t{vrx�q8suk −−−−−−→T (P,−→n )

k���kptwn�}�k�k�qCsuor�$s�|�o2x�q8s�±½���¬|$~�vyq¬��k�n�o2�$|$�$t{kr�
−−−−−−→
T (P,−→n )

k5m0s�~�v���kpq�mux�su}�mu�$t^��v2n�x��8�$k���k�m�kp�;o2t^swm�k���kptwn�}5m�|�vyt
Ω+ mu�$t Ω−

¾9¿�ÀÂÁ$ÃÅÄ=Æg¿�Ç9§
jlkÈ�rk�n�suk��$t�nporq8sutwvyxzq8suk�k�m^s���or��orÉ2�pq$k � ��q¼k��,ortus9|�vrt9�$q$x�su}.��kEmu�$tu��vrnpk�or�½�$q�k|$t{k�m{m^xzorq��8xz~�m�� kp��|$tuxz��kPkpq¬± vrm{npvy~�m��

1Pa = 1N/m2, 1MPa = 106Pa, 1kPa = 103Pa, 1GPa = 109Pa

ÊË~=k���x�m0s{k�vy��m{mux,�$k�m��$q�x�s{}�m�|$~z��m�kp��orsux��8�$k�mP¹

1T/m2
' 10kPa, 1kg/cm2

' 100kPa, 1bar = 100kPa, 1PSI ' 6, 9MPa

j�� kp��|$~zorxl�$k�n�k�m���q$x�s{}�m�k5m0s���xz�rkp��k�q2s���}5n�o2q�m^k�x�~z~z}r�© xWkpqÌ�$qÂ|;orxzq2s�±Ío2qÂk��,k�n�su�$kC��kp�$�Â|$~zvrq�m&��k�npor�$|$��tukC��k9q$o2tu��vr~�k5m −→n1
kps −→n2

�Jo2qor«$suxzkpq8sa��kp�$�9�rk5n�suk��$twm�n�orq8s{t{vrx�q8suk5m
T (P,−→n1)

k�s
T (P,−→n2)

�8�$xlmuorq8s � |$t{x�o2tux=��x��;}�tuk�q8s{m��Î�qÏ��k����È|;orxzq2swmP±Ðk�sXÑH�l� �$qª��Òp��k�|$~�vyqª��kÓnpor�$|$��tuk���k�q$o2tu��vy~zk −→n
orq.or«�s{x�k�q8s��k������2k�n�s{kp�$twm�n�o2q2s{t{vrx�q8s{k�m

T (P,−→n )
k�s

T (Q,−→n )
�8�$x�muorq8s � |$t{x�o2tuxl��x��,}pt{kpq8s{m��jlkCs{ortwm^k��$tXt{}�mu�$~�s{vrq2sÓ��k5m�vrn�suxzorq�m���k

Ω+ mu�$t Ω−
|;or�$t��$qÔ|$~�vyqÕ��k�n�o2�$|$�$t{k

Π
�$kq$o2tu��vy~zk −→n k5m0s�¹

{

−−−−−→
FΩ+/Ω− =

∫ ∫

Π

−−−−−→
T (P,

−→
n)ds

−−−−−−−→
MA,Ω+/Ω− =

∫ ∫

Π

−→
AP ∧

−−−−−→
T (P,

−→
n)ds

}

A

ÖÈ× hJØ8Ù�c;f$\0h`_�ÚÏÛaÜAÝ`ÙJc;f�ÙJÜ × c,h`_¸f × e�\u_¸f�ÙÞi
ß ¦�¢,¤�Ã�Á$£�¢,¤5¿8Ç�¢J¦�Ã�ÀÂÁ$à7¿8Ç�¿8¤Ó¤5Á$¢gá�¿�¢,¤�£7¿�à�à�¿�Ç¬§
j�k��rk5n�suk��$t�nporq8sutwvyxzq8suk�mukR��}5n�or��|;o2mukkpq¬�$q�kPnporq8sutwvyxzq8sukPq$o2tu��vy~zk

σn
k�s��$q$k�nporq8sutwvyxzq8suk�s{vrq$Érk�q2s{x�k�~�~zk −→τn

âXâXâXâXâXââXâXâXâXâXââXâXâXâXâXââXâXâXâXâXââXâXâXâXâXââXâXâXâXâXââXâXâXâXâXââXâXâXâXâXââXâXâXâXâXââXâXâXâXâXââXâXâXâXâXââXâXâXâXâXâ

ãXãXãXãXãXããXãXãXãXãXããXãXãXãXãXããXãXãXãXãXããXãXãXãXãXããXãXãXãXãXããXãXãXãXãXããXãXãXãXãXããXãXãXãXãXããXãXãXãXãXããXãXãXãXãXããXãXãXãXãXã

T(P,n)

n

σ n n

τ n

ä qC|�k���s�}�nptuxztuk�¹
σn =

−−−−−→
T (P,−→n ) • −→n −→τn =

−−−−−→
T (P,−→n ) • −→n − σn

−→nº j�v�n�o2q2s{t{vrx�q8s{k�q$o2tu��vr~�k
σn
k5m0s��$q¬q$o2�R«$t{kr�

º j�v�n�o2q2s{t{vrx�q8s{kaswvyq$É2kpq8suxzkp~z~�k −→τn
k5m0s��$q¬�2k�n�s{kp�$t5�

» vyq�md~zk�n�vrmd�=� �$qE��å�|;oysu����muk&��k�n�vy~�n��$~�|$~�vyq � |$~�vyq.q$ort{��vy~ � ~­� v���k −→z
��q$or��m�|;or���rorq�m|$t{oyæ0kpsukpt�~�vykP�rk5n�s{kp�$t�nporq8sutwvyxzq8sukPm^�$t�~zk�m��rk�n�suk��$t −→n k�s −→

t = −→z ∧ −→n
¹

ç
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στ

nn

n
t

σn =
−−−−−→
T (P,−→n ) • −→n τn =

−−−−−→
T (P,−→n ) •

−→
t» vyq�m�npkPn�vrm�~zk�m�nporq8sutwvyxzq8suk5m`q$o2tu��vr~�k5m�k�s�s{vrq$Érk�q2s{x�k�~�~zk�m�muorq8s���k5m�q$or�X«$t{k�m��

êPÃ�¦8ë5¿�ìy¤5£�¦;¢ÂÇ5Æ�ÃRíg¿�ÇPî�¿�ìy¤5¿�Æ�Ã�Ç�íg¿Óï�Á$Ç5¿�§ © orx�s
(−→x ,−→y ,−→z )

�$q�k�«�vrmuk � o2t^s{�$orq�ort{�&}�k��xztuk5n�s{k9swvyq8s��8�l� � ��vyxztukÅ����orqÌq$or����k¬~�k5mX|�tuoræ0k�n�s{x�o2q�m&��k�m&�rk5n�s{kp�$twmXnporq8sutwvyxzq8suk5mX��kC~�v��vyq$xz�pt{k�m^��x���vyq8s{k&¹
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z

T(P,x)

σ

σ

σ

xy

xx

xz











σxx =
−−−−−→
T (P,−→x ) • −→x

σxy =
−−−−−→
T (P,−→x ) • −→y

σxz =
−−−−−→
T (P,−→x ) • −→z











σyx =
−−−−−→
T (P,−→y ) • −→x

σyy =
−−−−−→
T (P,−→y ) • −→y

σyz =
−−−−−→
T (P,−→y ) • −→z











σzx =
−−−−−→
T (P,−→z ) • −→x

σzy =
−−−−−→
T (P,−→z ) • −→y

σzz =
−−−−−→
T (P,−→z ) • −→z

ð Ù�_aÚ8Ù�Ü × Û�Ù�ÚÌc,h`_¸f × e�\u_¸f�ÙJÚÕi
© o2x�s

σP
�8~7� vy|�|$~�x�npvysuxzorq9�$}�ñ�q$xzk�vr�Ó|;orxzq2s

P
�8�$x � �$q$k�q$ort{��vy~zk −→n vrm{m^o�npx�k�~zka�2k�n�sukp��t

��k5m�n�orq8s{t{vrx�q8suk5m −−−−−−→
T (P,−→n )

�
−−−−−−→
T (P,−→n ) = σP (−→n )
σP

k5m0sl�$q�k`vy|$|�~�x�npvysuxzorqd~�xzq$}�vrx�t{k t{kp|$t{}�mukpq8su}�|�vrt=�$q$k���vysut{xznpk��$vyq�ml~zv�«�v2m^k
(−→x ,−→y ,−→z )

¹

σP :





σxx σxy σxz

σyx σyy σyz

σzx σzy σzz





(−→x ,−→y ,−→z )ä q¬��orq8sut{kR�8�$k
σP
k�m^s�m^å���}�s{tux��8�$k �

σij = σji
���;kp~z~�kRk�m^s���orq�n���x�vyÉro2q�vy~zx�muvr«$~�k2��jlk�m��vy~zkp�$twm�|$t{or|$t{k�m���k

σP
muorq8s�~zk�m�n�o2q8sutwvyxzq2s{k�mW|$t{x�q�n�xz|�vy~zk�m���~�k5m��rk5n�suk��$twm¸|�tuo2|$tuk5m¸�¥ort{�&k�q8s~zk�tuk�|���tukd|$t{x�q�npx�|�vy~l��k5m�n�o2q2s{t{vrx�q8s{k�m��

ò óÍD�K�UWF�DôS�Döõ÷N�ø�K
© o2x�k�q2s

σI
kps

σII

�
σI ≥ σII

�Ë~zk�mXn�o2q2s{t{vrx�q8s{k�mP|$t{x�q�n�xz|�vy~zk�m�� −→
XI

k�s −−→
XII

~�k5m��rk5n�suk��$twm
|$t{or|$t{k�mPv2mumuo�n�xz}�m��lvy~zortwm�|;or��t�suo2��suk�o2tuxzkpq8s{vysuxzorq.��k���vrnpk�s^s{k −→n = cosα

−→
XI + sin α

−−→
XII

ù



~�v�nporq8sutwvyxzq8sukRq�ort{��vr~�k
σn

k�sP~zvCn�o2q2s{t{vrx�q8s{k�s{vrq$Érk�q8suxzkp~z~�k
τn

mukRs{tuo2�$�rk�q8sPmu�$td�$q.npkptwn�~zkvy|�|�k�~�}�npkptwn�~zkd��k�ú�or�$t5�

σ

τ

σσ

τ

n

−2α−α

n

n

C

τmax

IσII

û�ü¥ý`þ · º¬ÿ kptwn�~zkP��k�ú�or��t
º jlk�n�k�q2s{tuk�����n�k�t{np~�k

C
k�m^s`m^x�su�$}�mu�$t ~­� vy��k���k5m n�o2q2s{t{vrx�q8s{k�mgq$ort{��vy~zk�m

σ
� ~­� vr«�m{n�x�mumuk

σc =
σI + σII

2
=

Tr
(

σ
)

2

º ä qÂ|�k���s�sutwvrnpkpt&~�k¬n�k�t{np~�kCm^x�orqÌn�orq�q�v���s&��q |;orxzq2s��8�$kp~�n�o2q��8�$k¬���Ìnpkptwn�~zkr��ny� k�m^s
� ��xztuk�~zvEn�orq8s{t{vrx�q8suk9q$ort{��vy~zkÓk�s�~zvÈn�orq8s{t{vrx�q8sukÓs{vyq�Érkpq8s{x�k�~�~zk9|;or�$t&�$q$k�q$ort{��vy~zk|�vytusux�n��$~zxz�pt{kr�

º j�v�n�o2q2s{t{vrx�q8s{kaswvyq$É2kpq8suxzkp~z~�kP��v���xz��vy~zkdk5m0s

τmax =
σI − σII

2

º jlk�mPvrq$Ér~zk�md|�vrt^swvyq8sP�$�ªnpkpq8sut{k����.npkptwn�~zk���k�ú�or�$t�muorq8s�}pÉ8vy����vy�$�Evyq$É2~�k5mdtu}�kp~�m�R�$~�suxz|$~zx�}5m�|�vyt
−2

�
��� Ù × c=\^c,ÙÞi

ä q¬��orq$q�k&¹
σ

[

σ τ
τ 0

]

(−→x ,−→y )vÅ�rk5n
σ = −3MPa

k�s
τ = 2MPa· ��®�twvrnpkpt�~�k�npkptwn�~zkP�$k�ú�or�$t

ç � ÿ vy~�n��$~zkptP~zk�m�n�o2q8sutwvyxzq2s{k�md|$t{x�q�n�xz|�vy~zk�mPkps�x�q��$xz�8�$k�t�~�k5mPort{x�k�q2swv�s{x�o2qE��k5m���xztuk5n�suxzorq�m|$tuxzq�npx�|�vr~�k5m���k�~zv�nporq8sutwvyxzq8sukr�
ù � ÿ vy~�n��$~zkpt�~�v¬��vy~zkp�$t���k9~zv�nporq8sutwvyxzq8suk���k9n�x�m{vyxz~�~zkp��kpq8s���v���xz��vr~�k�kps�~7� ort{xzkpq8s{vysuxzorq��kP~zvX��vrnpk�susuk�n�o2tut{k�mu|;orq��$vrq8sukr�
� ��®�t{or�$�2kptP~�v�n�orq8s{t{vrx�q8suk�q$o2tu��vr~�k�k�s�~�v�n�o2q8sutwvyxzq2s{k&s{vyq�Érkpq8s{x�k�~�~zk�|�o2�$t��$q$kÓ��vrn�kps^s{k
ort{x�k�q2s{}pkd|�vyt�~zkP�rk5n�suk��$t −→n =

√

3
2
−→x + 1

2
−→y

��}5m^o2~���s{x�o2qE¹
· ��jlk�n�k�q2s{tuk�����npkptwn�~zkdk5m0s � �$q¬|;orxzq2sa�l� vr«�munpxzm{muk

σc=
Tr(σ)

2 = −1, 5MPa±go2�$t��$q$kd��v2n�k�susuk�o2tuxzkpq8su}�kP|�vyt�~zk��rk�n�suk��$t −→y orq�vC¹
σy = 0

kps
τy = −τä q�|;kp��sa�$orq�nds{t{v2n�kpt�~zk�n�kptwn�~zk�¹

�



σ

σ

σ cII

τ

x

σI

y

τy

Θ

Θ

x

u

n

−Π/3

Θ2

û�ü¥ý`þ ç º¬ÿ kptwn�~zkP��k�ú�or��t

ç ��jlkRtwvÅåro2q����Enpkptwn�~zkRk5m0s
R =

√

σ2
c + τ2 = 2, 5MPa

kps
σI = σc + R = 1MPa

�
σII = σc − R = −4MPa© �$tl~zk�n�k�t{np~�k���k�ú�or�$t5��~­� vrq$Ér~zk�kpq8sut{k −→x kps −−→

XII
k�m^s

Θx = arctan −2τ
σ = arctan 4

3 =
53, 13oj�� vyq$É2~�kdkpq8sut{k −→x k�s −−→

XII
k�m^sa�$vrq�m�~zv&t{}�vr~�x�su}�¹

αx = −
Θx

2 = −26, 56o

X I

X II

x

y

α x

U

α

û�ü¥ý¸þ ù º9» x�t{k�n�suxzorq�m
ù ��j�v.n�orq8s{t{vrx�q8sukC��k�n�x�muvrx�~z~zkp��kpq8s���v���x���vr~�kCk�m^s

τmax = R = 2, 5MPa
�gkp~z~�k¬k�m^sor«�s{kpq��$kd|�o2�$t��$q$k���vrn�kps^s{kdo2tuxzkpq8s{}pka|�vyt�~�kd�rk5n�s{kp�$t −→u suk�~l�2��k�~­� vrq$Ér~zkdkpq8sut{k −→u kps

−→x
m^o2x�s

Θ
mu�$t�~zk�n�kptwn�~zk���k�ú�o2�$t�vÅ�rk5n

Θ + Θx = 90o m^o2x�s Θ = 53, 13o~7� vyq$É2~�kdkpq8s{tuk −→u kps −→x k�m^s��$vyq�m�~�v�t{}�vy~zx�su}&¹
α = −Θ

2 = −36, 87o

� ��j�� vyq$É2~�kdkpq8sut{k −→x k�s −→n k�m^s��$vyq�m�~zv�t{}�vr~�x�su}&¹ αn = Π/6
�$mu�$t�~�k�npkptwn�~zk���k�ú�or�$t5��orqv

Θn = −2αn = −Π/3
�© x�o2q¼|;o2muk ¹

Θ2 = Π − Π/3 − Θx = 180 − 60 − 53, 13o = 66, 87o �¸o2q v¼¹
σn = σc + R cosΘ2 = −0, 518MPa

k�s
τn = R sinΘ2 = 2.299MPa

�


